On a Riemannian symmetric space X of the noncompact type we introduce a generalized Poisson transformation from functions on the minimal boundary to functions on the maximal compactification whose restrictions to X are eigenfunctions of the invariant differential operators. Some continuity-and "Fatou"-theorems are proved.
Lindahl and Stein [4, 6, 7, 8, 11, 16] .
In this note we generalize these results of Helgason, Michelson and Sjögren to take into consideration the full boundary of X. In the maximal Satake-Furstenberg compactification X of X, K/M is only part of the boundary of X (unless rank G/K = 1)-it is the unique compact G-orbit. The other G-orbits in the boundary can be identified with homogeneous spaces of the form G/B, where B is given by B = (M n Af),4A for a parabolic subgroup P = MAN of G. For each such G-orbit we define a generalized "partial" Poisson transformation from functions on K/M to sections of line bundles over G/B. We will prove that if <p is continuous, the Poisson transform of tp on G/B is the limit of <p on X (after a normalization analogous to the division with <j>x above). (This is done in §2.) Moreover, for <jd g Lp (1 < p < oo), we prove convergence almost everywhere (in §3). In the harmonic case (X = p) these results for the full boundary have been proved by Korányi [9, 10] and Stein [16] , and our method of proof is in fact by developing generalizations of their proofs. For simplicity we confine ourselves to the maximal compactification, leaving the further generalization to the other Satake-Furstenberg compactifications (cf. Koränyi [9, Lemma 1.2]) to the imagination of the reader.
Finally we mention that the theorem of Kashiwara et al. mentioned above, valid for hyperfunctions tp, can also be generalized to this setting with the full boundary of A'(see [14, Chapter 6] ).
1. The generalized Poisson transformations. Let G be a connected real noncompact semisimple Lie group with finite center, G = KAN an Iwasawa decomposition of G, a the Lie algebra of A and k: G -» K, H: G -> a the corresponding projections. Let 6 denote the Cartan involution, let N = 8(N) and let M be the centralizer of a in K. Let a* (respectively a*) be the real (complex) dual of a, 2 c a* the system of restricted roots, 2+ the set of positive roots in 2, p half the sum of the roots in 2 + with multiplicities and a* the Weyl chamber in a* consisting of those X g a* such that (X, a) > 0 for all a g 2+, where ( , ) denotes the Killing form. We write X g a* as X = Re X + v^-Tlm X, where Re X, Im X g a*. Let n = dim a, let A = {a,,... ,a"} be the set of simple roots for 2+ and let (//,,...,//") be the basis for a dual to A. For a ^ A and v g a* let a" = exp(i>, H(a)). for g G (g' g G|^(g') * 0}. Then pf/(S*) = *>x/(s) for è G *j* Notice that if A g a*, then <í>£(g) * 0 for ail g g G.
If we define an action of G on functions / on K/M by left translation of the corresponding functions/x, it is obvious that ¿Px is a G-map. Clearly f x is a AT-map.
Let X be the maximal Satake-Furstenberg compactification of X. The space X can be constructed as follows (cf. Oshima [13] , or [14, Chapter 4] ). Let R"+= [0, oo[" and for t G R",, let Ft = {etj ^ A\tj # 0} and a, = exp(-Ea.eF(log tj)Hj) (and a0 = e). Define an equivalence relation ~ on G X R"+ by (g,t)~ (g', t') if and only if Ft = Ft. and ga, g g'a,,BF. Then X = G X R"+/~ as a topological space. Let m: G X R"+-> X be the projection. From the action of G on the first factor of G X R"+ the space X inherits a natural G-action, and the orbital decomposition is easily seen to be given by X = (J G/BF Proof. By the G-invariance of 3PX and 0>x we may assume g = e. Then we are actually only considering the restriction of 5axf to MF, and the result follows from Theorem 1 applied to ME instead of G. □ We now consider the normalized Poisson transform px/on Xx. First we need a result about Xx. Remark. If « = 1 and A = 0 the conclusion of Theorem 2 also holds (cf.
Michelson [12, Theorem 1.3(i)]).
3. Fatou theorems. We will now, in an a.e. sense, extend to Lp-iunctions on K/M (1 < p < oo ) the convergence result of Theorem 1. We consider the following types of convergence. Let F c A, A G a* and g G G.
Admissible convergence. We say that ap~x0>xf(ga) converges to cx&>xf(g) admissibly if for all compact sets U c NF and F c MF ap-x&xf(gañm) -> cF<?Ff(gm)
as a -» oo, uniformly for ñ g U and w g F. Notice that if / is continuous it follows from Theorem 1 that ap~x0>xf(ga) converges to cx0>xf(g) admissibly, because the set {añma~l\a g Af, ñ g U, m g V } is compact.
Theorem 3. Let 1 < p < oo anJ/ g Lp(K/M). Assume that Re A G a*.
(i) T/iere ejcwte p0 < oo such that if p > p0, then ap~x@xf(ga) converges to cxlPxf(g) admissibly for almost all g G G.
(ii) For any p we have that ap~xí?xf(ga) converges to cx£?xf(g) restrictedly admissibly for almost all g g G.
Proof. The proof is a simple generalization of the maximal function estimates given by Korányi and Stein for the case A = p.
Let L(NF) denote the space of measurable functions on NF, and let J( be an operator (not necessarily linear) from LP(NF X MF n A) to L(NF). Let H g ot.
We say that J( is an H-restricted maximal operator with respect to p and A if it has the following properties:
for all ñ G ÑF, a = exp tH (t G R) and $ g L"(Ñf X MFD K), where
If J( is an //-restricted maximal operator for each H g aF (i.e., (3.1) holds for all a G A F) we call it a maximal operator. Theorem 3 follows once we have proved the following two propositions: Proposition 1. Lei A g a* such that Re A g a*.
(i) There exists p0 < oo and a maximal operator with respect to p0 and X which is of weak type ( p0, p0).
(ii) For each H G a F there exists an H-restricted maximal operator with respect to p = 1 and X which is of weak type (1,1).
Proposition 2. Let 1 < p < oo, /g Lp(K/M) and X as above. Suppose there exists a maximal operator (respectively for each H G aF an H-restricted maximal operator) with respect to p and X which is of weak type (p, p). Then ap~x¿Pxf(ga) converges to cx^[(g) admissibly (resp. restrictedly admissibly) for a.a. g g G.
( ). We will prove that ap~x3Pxf(gna) converges to cx¿Pxf(gñ) (restrictedly) admissibly for a.a. ñeívf for each g g G. For this we may take g = e because of the invariance of @x.
Let L be a compact neighborhood of the identity in K, contained in the set k(NfMf).
By the invariance of 2PX we may assume supp/c L. For continuous functions the convergence holds by Theorem 1. Since/can be approximated in Lp with continuous functions we can thus reduce to the case where ||/|| is small. Then it suffices to prove the following two estimates for each e > 0: admissibly for almost all g g G.
(ii) For any p we have that Pxf(ga) converges to px(g) restrictedly admissibly for almost all g G G.
For F = 0 the admissible convergence a.e. was proved in Michelson [12] for / g L°° and the restricted admissible convergence a.e. for/ g L1 in Sjögren [15] . For A = p and F arbitrary they were proved in Korányi [9,10] and Stein [16] .
Remark. The condition on A that Re A g a * in Theorems 1 and 3, Proposition 2 and Corollary 2 can be weakened slightly to Re (A, a) > 0 for all a G 2+ with nonzero restriction to a F. This follows easily from the proofs given.
Note added in proof. In a recent preprint, Admissible convergence of Poisson integrals in symmetric spaces (Chalmers University of Technology, the University of Göteborg, 1985), P. Sjögren obtains admissible convergence for / in Lp with any p > 1 (that is, p0 = 1 in Theorem 3(i)).
